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1 Introduction 



Heterotic string theory is a promising candidate to incorporate the supersymmetric stan- 
dard model of particle physics. It naturally includes chiral fermions in non-Abelian 
representations of a gauge group which is big enough to comfortably accommodate the 
SU(3) X SU(2) X U(l) of the Standard Model. As a consequence, string phenomenology 
has focused for many years on the study of = 1 heterotic string vacuao 

Heterotic string vacua with an unbroken A^ = 1 supersymmetry in four space-time 
dimensions can be constructed either by compactifying the ten-dimensional heterotic 
string on six-dimensional Calabi-Yau threefolds Y or by considering the heterotic string 
with an appropriate internal (0,2) superconformal field theory [6]. 

One of the problems that one faces in following this program is the identification of a 
mechanism for spontaneous supersymmetry breaking at a scale hierarchically lower than 
the Planck scale. Traditionally, one employs non-perturbative effects such as gaugino 
condensation and includes them at the level of the low energy effective action [3 El E] • A 
second problem is the vacuum degeneracy of string theory which is parametrized by the 
vacuum expectation values (VEVs) of gauge-neutral moduli scalars. As a consequence, 
phenomenological predictions of string theory are difficult to extract. However, depending 
on the mechanism of supersymmetry breaking, the scalar field VEVs might be fixed by 
the same potential responsible for the breaking of supersymmetry. 

An alternative mechanism where supersymmetry is broken by non-trivial background 
fiuxes of the NS three-form was proposed in references [TUl HU |T2] and has been 
revived in |I3]^[23.]- Similarly, generalized compactifications on manifolds Y with SU(3) 
structure (rather than SU(3) holonomy) have been considered |i24i|^i31jll These manifolds 
admit a globally defined spinor rj but contrary to Calabi-Yau manifolds this spinor is no 
longer covariantly constant with respect to the Levi-Civita connection. Instead, Y has 
torsion, and depending on the fiuxes the supersymmetry can be spontaneously broken. 
The fiuxes as well as the torsion induce a non-trivial superpotential W in the effective 
action and hence fix at least part of the moduli scalars. When combined with non- 
perturbative effects they might lead to viable scenarios of hierarchical supersymmetry 
breaking. 

The computation of the effective action on manifolds with SU(3) structure is not 
entirely straightforward. The reason is that the distinction between heavy and light 
modes is not as clean as it is for Calabi-Yau manifolds Y, where the massless modes are 
in one-to-one correspondence with the harmonic forms on Y and consequently one only 
keeps these in the Kaluza-Klein reduction. For manifolds with SU(3) structure a similar 
characterization is missing so far. Here we follow the approach outlined in [33] (which is 
based on [29]) where type II supergravities are studied in backgrounds which break the 
ten-dimensional Lorentz symmetry S0(l,9) to S0(l,3) x SU(3)Q In such backgrounds 
one can already in ten dimensions and without performing a Kaluza-Klein reduction 
rewrite the type II action in a form which resembles a four- dimensional N = 2 action. 
More precisely, one finds (and computes) the typical couplings of an A^ = 2 action such as 

^For reviews see, for example, [IJIlj; more recent development can be found, for example, in [31|31[S]. 
•^For reviews and a more complete list of references see, for example, [5^ . 
^This approach has been refined in refs. [34l I35j . 



1 



the special Kahler potentials and the Killing prepotentials. In a second step one can then 
truncate this ten-dimensional action to a four-dimensional effective action keeping only 
a finite subset of Kaluza-Klein modes. In order to ensure a consistent four-dimensional 
N = 2 effective action one needs to perform the truncation in such a way that the 
N = 2 couplings of the ten-dimensional action properly descend to the four- dimensional 
action. Furthermore, projecting out all SU(3) triplets results in a 'standard' N = 2 
action without any massive gravitino multiplet. 

Here we follow a similar strategy for the heterotic string. However, we will not be 
as explicit as in [33] and directly perform the Kaluza-Klein reduction keeping a finite 
subset of light modes. Among the hght modes we do not keep any triplets of SU(3) or, 
in other words, we do not keep light modes which arise from one-forms (or five-forms) of 
Y. Apart from this constraint, we keep the manifold Y generic. 

Various properties of the couplings of the = 1 effective action have been computed 
previously in [30l|3T] and [36]-[l2]. The purpose of this paper is to obtain the couplings 
for a generic Y with background fluxes entirely from fermionic terms in the low energy 
action. This has the advantage that the superpotential W and its derivatives appear 
linearly (as opposed to quadratically in the bosonic terms) and therefore can be computed 
straightforwardly [39l HU HI]. However, in order to do so one also needs the proper 
normalization of the fermionic kinetic terms. To our surprise and as far as we know, the 
fermionic terms have not been written down even for Calabi-Yau compactifications. 

The paper is organized as follows. We start by reviewing some basic facts about 
SU(3)-structure manifolds in section[2J In sectionOwe derive the four-dimensional A^ = 1 
spectrum via Kaluza-Klein reduction. Here we leave the structure of the gauge bundle 
somewhat arbitrary or in other words we do not explicitly solve the Bianchi identity 
for the three-form field strength H. However, whenever necessary we discuss the case 
of the standard embedding as an instructuve example [HI |32]. The A^ = 1 low energy 
effective action for compactifications on generalized manifolds Y with SU(3) structure 
and background flux is determined in section |H More specifically, in section HTT] we recall 
the bosonic kinetic terms. In section 14.21 we compute the kinetic terms of all fermionic 
fields, which includes as a special case also Calabi-Yau compactifications. From these 
terms the Kahler potential and the gauge kinetic function are deduced, confirming the 
structure of these couplings derived previously from the bosonic terms [15| |3Sl HZ] ■ For 
us the necessity of this step is that it fixes the correct normalization of the fermions, 
which we need in order to reliably compute the superpotential induced by the presence 
of non-trivial background fluxes and torsion. It is worth remarking that this computation 
is not confined to the heterotic string but does determine the kinetic terms in the NS 
sector for all string theories. In section 14.31 we compute the Yukawa couplings of the 
matter fields while in section 14.41 we determine the dependence of the superpotential on 
the background fluxes and torsion from the gravitino mass and other fermionic couplings. 
We compute the D-terms in section IT5l Finally in section [5] we derive the supersymmetry 
transformations for the four-dimensional gravitino and the chiral fermions, which further 
checks the validity of the obtained expression for the superpotential. This will allow us 
to discuss also the conditions for a supersymmetric vacuum, consistent with Strominger's 
results [TT] . 

A preliminary version of our work appeared in [IB] . While this manuscript was being 
prepared the paper [41j appeared which has some overlap with our work. 
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2 Manifolds with SU(3) structure 



In this paper we consider the heterotic string in a space-time background of the form 

M^x^Y , (2.1) 

where M4 is a four-dimensional Minkowski space and y is a compact six-dimensional 
manifold. As it is indicated, the product structure can be warped, which means that the 
ten-dimensional metric is block diagonal and reads 

ds^ = e^'^'-y^g^^dxV + Qmndy'^dy'' , (2.2) 

where x'^, = 0, . . . , 3 are the coordinates of M4 while y"^, m = 1, . . . , 6 are the coordi- 
nates of Y. For most parts of this paper we perform the analysis in a regime where the 
warp factor A can be neglected. 

Furthermore, we require that in the background fl2.ip a four-dimensional = 1 
supersymmetry exists. This in turn demands a reduction of the structure group SO (6) of 
Y such that a single spinor rj is globally defined on Y. Manifolds with this property are 
termed 'manifolds with SU(3) structure' [19]. Under SU(3), the spinor representation 4 
of S0(6) decomposes as 4 ^ 3 + 1, with r] being the singlet 1. 

Calabi-Yau manifolds are a special class of manifolds with SU(3) structure where rj 
is covariantly constant with respect to the Levi-Civita connection or in other words the 
holonomy of Y is SU(3). In general rj is only parallel with respect to a different connection 
which has torsion, i.e. V*-^-*?] = 0. The part of the torsion which is independent of the 
choice of V^^^ is known as the 'intrinsic torsion' and can be used to classify the different 
types of SU(3) structures [50] . 

Once 7] exists one can use it to define a two-form J and a three-form ^l^i as follow^ 

= ^i47-"r/± , = -ir/l7™"V , (2.3) 

where rj± is a positive (negative) chirality spinor normalized as 'r]l.'r]± = 1. ^'"i---™-? = 
l^ry[>ni^m2 _ _ _ ^nip] autisymmetrized products of six-dimensional 7-matricesl^ Using 
appropriate Fierz identities one shows that with this normalization for the spinors, J 
and VLri are not independent but satisfy 

JAJAJ=|if]^Ar2^, JAfi^ = 0. (2.4) 

Furthermore, using 7-matrix identities it can be shown that (the index is raised with 
the metric gmn) defines an almost complex structure in that J'l^J^ = holds. With 
respect to this almost complex structure Jmn is a (1, l)-form while VLri is a (3, 0)-form. 

Neither J nor fi^ is generically close. Instead, dJ and dVL^j define the five torsion 
classes Wi, . . . , W5. Explicitly one has [50j 

dJ = --lm{WiQ„) + W4 A J + W3 , 

2 _ (2.5) 

c/fi^ = Wi J A J + W2 A J + W5 A fi^ , 



^We use this notation for the three-form in order to emphasize the fact that it is constructed from 
a normahzed spinor 77 and to distinguish it from a three-form f2 to be introduced later which obeys a 
different normalization. 

^For more details on our conventions see appendix [Al 
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with 

W3 A J = AVlri = W2 A J A J = . (2.6) 

These five torsion classes completely determine the intrinsic torsion. Note that Wi is a 
zero-form, W4 and VV5 are one-forms, W2 is a two-form and W3 is a three-form, and each 
one can be characterized by the SU(3) transformation properties. Calabi-Yau manifolds 
are manifolds of SU(3) structure where all five torsion classes vanish. Any subset of 
vanishing torsion classes on the other hand defines specific classes of SU(3) structure 
manifolds. For example, projecting out all triplets amounts to setting VV4 = W5 = 
which is the case we consider in this paper. 

3 The four-dimensional spectrum 

Our next task is to compute the light four-dimensional spectrum in the background 
fl2.ip by a Kaluza-Klein reduction. We start from the ten-dimensional = 1 super- 
gravity, which contains a gravitational multiplet consisting of the ten-dimensional metric 
Gmn, M, N = 0, . . . 9, an antisymmetric two-tensor Bmn, the dilaton 0, a left-handed 
Majorana-Weyl gravitino ipM and a right handed Majorana-Weyl fermion, the dilatino 
A. Additionally, we have a Yang-Mills vector multiplet which features a gauge boson A^j- 
and a g^ugino x^, both transforming in the adjoint representation of either Eg x or 
SO(32)|3 We summarize the ten-dimensional spectrum in table [XTl 



multiplet 


bosons 


fermions 


gravitational 


Gain, Bmn, 


^M, A 


vector 







Table 3.1: A^ = 1 spectrum in D = 10. 



In order to prepare for the Kaluza-Klein reduction in the background (12.11) let us 
decompose the ten-dimensional fields into representations of the structure group SU(3) 
following [33]. This decomposition is summarized in table 13^ for the bosons and in table 
13.31 for the fermions. The notation ab denotes a field in the SU(3) representation a with 
a four- dimensional spin b. T denotes an antisymmetric tensor or pseudo-scalar. Note 
that the components in the vector multiplet also carry an index in some representation 
of the gauge group which we suppress in tables 13.21 and 13.31 

In order to perform the Kaluza-Klein reduction we need to determine the light modes. 
For Calabi-Yau compactifications this is straightforward and well-established: the light 
modes are in one-to-one correspondence with the harmonic forms on the Calabi-Yau [1]. 
However, for compactification on generic SU(3) structure manifolds the distinction be- 
tween heavy and light is more subtle. Here we adopt the approach followed in [291 133] 
in that we expand in a finite set of forms which are not necessarily harmonic. Since we 
are interested in a standard A^ = 1 effective theory we only keep one gravitino in the 

^We denote ten-dimensional fields, as well as indices in the adjoint of the ten-dimensional gauge 
group, by a 'hat', e.g. x^. 
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J-O + (,0 + OjO + 00 


Bmn 


B 




t) , „ 


(3 + 3)i 


f) 


1 _L fg 1 Q) 1 8 







lo 




A, 


ll 




(3 + 3)o 



Table 3.2: Decomposition of the NS sector in SU(3) representations. 



IpM 




I3/2 + 33/2 




I1/2 + 3i/2 + 2 ■ 3i/2 + 61/2 + 81/2 


A 


A 


I1/2 + 3i/2 


X 


X 


I1/2 + 3i/2 



Table 3.3: Decomposition of the fermions in SU(3) representations. 

gravitational multiplet and project out all other gravitini. By inspecting table 13.31 we see 
that this is ensured by leaving out all modes transforming in the 3 or 3 of SU(3). 

For the fields arising from the gauge bosons this procedure is model dependent since 
one needs to specify the structure of the gauge bundle on Y and solve the Bianchi 
identity of the three-form field strength H. A detailed discussion of this point is beyond 
the scope of this paper. However, for concreteness we base our discussion on the standard 
embedding of Calabi-Yau manifolds where the spin connection is identified with an SU(3) 
subgroup of the Eg gauge connection [H]. In this case, the gauge group is decomposed 
as 

Es SU(3) X Ee, (3.1) 
and the 248 adjoint representation decomposes accordingly to 

248 (1, 78) © (8, 1) © (3, 27) © (3, 27). (3.2) 

Projecting out the triplets of SU(3) in leaves us with a vector field in four dimensions 
y4^, where the index A labels the adjoint of the unbroken Eq x Eg. From A^ we obtain 
instead scalar fields in the (8 + 1, 27) and (6, 27) of SU(3) x Eq. Similarly, the ten- 
dimensional gaugino yields a gaugino in four-dimensions the adjoint of Eq x Eg 
and chiral matter fermions in the (8 + 1, 27) and (6, 27) of SU(3) x Eq. 

These fields, together with the ones descending from the gravitational sector in ten- 
dimensions, arrange themselves in = 1 multiplets as shown in table 13. 4[ In the general 
case the vector multiplet will transform in the adjoint of G x Eg, where G will depend on 
the precise form of the gauge bundle, and the chiral matter multiplets will transform also 
in appropriate representations of G. In most of the following the precise gauge structure 
will play no role and we will only need the SU(3) representation. In fact in most of the 
text the index A denoting the adjoint of the gauge group will not be shown explicitly. 
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gravitational 


1 

J. 




ll Tl flQ T 
llliCdi 


1 

J. 


( R \] 

{-D^ly, A) 


vector 


1 

J. 


( aA A\ 

l^fi ? X ) 


chiral moduli 


u 


(n ih \ 

yymm Ym j 


8 + 1 




chiral matter 


6 


(^m, X) 


8 + 1 


{Am, X) 



Table 3.4: = 1 multiplets. 

So far we merely decomposed the ten-dimensional fields according to their SU(3) 
representations and projected out all the triplets. The next step is to expand these fields 
in a finite basis of forms on Y. For Calabi-Yau manifolds one chooses the harmonic 
{p, g)-forms, and in this way only modes which are massless from a four- dimensional 
viewpoint are kept. On generic manifolds with SU(3) structure there always exists an 
almost complex structure J, as we reviewed in the previous section, and one can still 
define (p, g)-forms. Truncating the triplets amounts to keeping states which arise from 
expanding the ten-dimensional fields in (1,1)- and (l,2)-forms only. Let us now turn 
to this expansion in some more detail starting with the bosonic fields in section 13.11 and 
discussing the fermions in section 13. 2[ 



3.1 Bosonic spectrum 

Since the dilaton is already a scalar in D = 10 it trivially descends to the four- 
dimensional theory, (j){x,y) = From table [3^2] we see that for the antisymmetric 
tensor Bmn (or B2) one has two contributions, 

B2 = B2{x) + b'{x)uji , z = l,...,/i(i'i) , (3.3) 

where B2{x) is a two-form in D = A while the 6* are h^^'^^ four-dimensional scalar fields. 
The coi are a set of h^^'^^ (1, l)-forms which transform in the 8 © 1 of SU(3) but they are 
not necessarily harmonic|j 



The ten-dimensional metric Gmn decomposes as shown in table l3.2| with (yf^^, being the 
bosonic component of the = 1 gravitational multiplet. The deformations of the internal 
part of the metric Sgmn give rise to two distinct classes of scalar fields corresponding to 
the 8 © 1 and the 6 © 6 representations of SU(3). These are most easily distinguished 
by going to complex indices a,P = 1,2,3 with respect to the complex structure J. In 
this notation Sg^f^ transforms in the 8 © 1 representation while 6gaf3 transforms in the 6. 
Both deformations are expanded in an appropriate basis of forms on Y as follows 

^9a0 = -^^'{x){uji)„0 , a,/? = 1,2, 3, i = l,...,h^^'^\ 

i - (3.4) 

Sgaf^ = Z''{x){pa)ay-5^f3^^ , a = 1, . . . , /l^^'^) , 



®Here we are using the notation that is usual in Calabi-Yau compactifications, even though the forms 
are not harmonic. 
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where the cOi are the (1, l)-forms already used in fl3.3p while the pa are a set of h^^''^^ (1, 2)- 
forms transforming in the 6 of SU(3). Q is the (3, 0)-form on Y which differs from the 
Q>ri introduced in fl2.3l) by a factor Q = \\Q\\Qj^ with = ^fia^^O"^^. is constant 
on the manifold but as reviewed in appendix [C] does depend on the scalar fields. It is 
introduced in (13.41) for later convenience to ensure a properly normalized metric on the 
space of metric deformations [17] . The coefficients in the expansion (13. 4p correspond to 
scalar fields on M4. More specifically, the v^{x) are h^^'^^ real scalars while z"'{x) are h^^'^^ 
complex scalar fields^ The expansion given in (13. 4p features the metric in the Einstein 
frame but as will be seen in the next section the correct four-dimensional field variables 
arise from the expansion of the metric in the string frame. The two metrics differ by 
a dilaton-dependent factor which relates the scalar fields as follows 

The f * combine with the 6* introduced in (13. 3p to form complex scalars = 6* + if* as 
anticipated in table 13.41 

As already discussed the ten-dimensional gauge field gives rise to the four- dimensional 
gauge fields which are singlets under SU(3) and transform in the adjoint represen- 
tation of G X Eg. In addition, charged scalar fields arise from Am which, as we learned 
from the SU(3) group theory decomposition of the previous section, sit either in the 6 or 
in the 8 © 1 of SU(3) and transform in some representations of G (see table 13. 4p . Hence 
we decompose 

Aa(3 = j^A'^{x){pa)^.rS^p^' , = A\x){u,)^^ , (3.6) 

where in each case an index labeling the representation of the gauge group under which 
these fields transform is suppressed. We summarize the four-dimensional spectrum in 
table [331 



multiplet 


multiplicity 


bosonic 


fermionic 


gravitational 


1 






vector 


dim(G X Es) 


K 




chiral moduli 




f 


e 






c 


linear 


1 




A 


chiral matter 




A' 






A" 





Table 3.5: = 1 spectrum in D = A. 



3.2 Fermionic spectrum 

In order to derive the fermionic spectrum we first need to discuss the decomposition of 
a ten-dimensional Majorana-Weyl spinor e in the background (12.10 . One has 

e = e ® ?7+ + (e)* ® {r]+)* = e ® + e ® ?]_ , (3.7) 

^In Calabi-Yau compactifications the are deformations of the Kahler form while the are defor- 
mations of the complex structure (for more details see appendix ICj) . 
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where e and e are Weyl spinors of M4 while ri± are Weyl spinors of Y. The * stands for 
complex conjugation and we summarize our spinor conventions in appendix lAl 

On generic manifolds Y with structure group SO (6) rj transforms in the 4 of SO (6). 
However, on manifolds with SU(3) structure the 4 decomposes as 4 — 3 © 1. In the 
following, 7] is the normalized (j]l.ri± = 1) singlet in this decomposition. 

The next step is to decompose the ten-dimensional fermions, the gravitino ipM, the 
gauginos x and the dilatino A in the background (12 .ip using (13.71) . For the gaugino x, 
transforming in the adjoint of G x Eg, and A, this is straightforward and reads 

X = X®V-+X'^V+, 

(3.8) 

A = A®?7+ + A(g)r7_ , 

where x is the Weyl spinor corresponding to the four-dimensional gaugino while A denotes 
the Weyl spinor corresponding to the four-dimensional dilatino. 

Analogously to (13. 6p . we expand the chiral matter fields in terms of forms which 
transform in the 6 or in the 8 © 1 of SU(3) 

= X* ® + X'' ^ (Pa) afiy^s'^h'V- ■ (3-9) 

Note that x is the four-dimensional gaugino transforming in the adjoint representation 
of the gauge group G x Eg while and are four-dimensional chiral matter fermions. 

Finally, we see from table 13.31 that in the decomposition of the ten-dimensional grav- 
itino ^/'m we only want to keep the singlet in ?/;^ and the 6 and 8 © 1 representations of 
SU(3) in 1pm- Thus we decompose 

= V'm ® ^- + ® ^+ ' 

1 - - (3-10) 

where ^* are h^^'^^ (h^^''^^) four- dimensional gauge neutral Weyl fermions. Together 
with the bosonic fields of the previous section, the fermions combine into super mult iplets 
as summarized in table 13.51 



4 The low energy effective action 



In this section we compute the four-dimensional low energy effective action by a Kaluza- 
Klein reduction. We start from the ten-dimensional = 1 supergravity action of the 
heterotic string [5Tj. It encodes the low energy dynamics of the gravitational and vector 
multiplets given in table 13.11 The action can be split into three distinct contributions, 
^(10) _ _j_ _j_ ^.^^ includes the purely bosonic terms and read£^ 



Sh 



10 



(4.1) 



^"Throughout this paper we wiU use the foUowing shorthands, = J d^^x\/—GiQ, = j d^x^—gi 
and /e = / 
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On the other hand, Sr contains the kinetic terms for the fermions 



no 

while S'int contains the interactions 



(4.2) 



int 
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+ j-,e-^^HMNP{i^QT^''''''^R + 6^^r^^^ - V2^qT''''^T^X) (4-3) 
+ ^e"2 i^MTYPX^r^^^^X^ + four Fermi terms 

We have given S''-^^-' in the Einstein frame and R is the Ricci scalar in that frame. 
pA/i...Afp _ ir'^-'^i . . . V^p'^ denote totally antisymmetrized products of F-matrices. F^j^ is 

the field strength for the gauge boson Aj^ and H is the modified three-form field strength 
of 13 defined as 

^3 = dB2 - uoj^ + u:\ , (4.4) 

where cu^^ is the Yang-Mills Chern-Simon three-form and uj\ is the Lorentz Chern-Simon 
three-form. 



4.1 The kinetic terms in the D = 4 bosonic action 

Let us first compute the kinetic terms of the bosons in the D = A effective action. For 
Calabi-Yau compactifications this is a well-known result and has been computed for 
example in references HHl H?]. For manifolds with SU(3) structure the analogous 
computation has been performed in [29l [331 EH Ell HI]. Therefore we can be brief and 
basically just recall the results. 

Since the D = 4 effective action has = 1 supersymmetry it can be expressed in 
terms of a real Kahler potential K, the holomorphic gauge kinetic function / and the 
holomorphic superpotential W |52]- (Some of the couplings relevant to this paper are 
recorded in appendix [Bl) 

One inserts the expansions 03.31) - 03.61) into 04.11) . performs a Weyl rescaling of the 
four-dimensional metric and defines the four- dimensional dilaton 0*^^) according to 

^ ei<^/C- V , 0(') = 0-|ln/C, (4.5) 

where /C is the volume of Y given by 

}C = lj jAJAJ, J = v'Ui . (4.6) 



With these redefinitions one obtains an action of the form 0B.2P with a gauge kinetic 
function 

f = S, 5 = ie-2^<^' + i a , (4.7) 
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where a is the dual of B2. Furthermore the Kiihler metric gjj on the field space for the 
moduli multiplets is block-diagonal with the non-trivial entries 

''' = WTW' ^, = ^y^-.A*..,, 9aB = j-^, (4.8) 

where ggg is the metric for the dilaton, gij is the metric for the h^^'^^ chiral multiplets 
{t^,C) cind g^b is the metric for the h^^''^^ chiral multiplets {z"',(^°'). Each metric can be 
shown to be a Kahler metric so that the Kahler potential is the sum of three terms 

K = Ks + Kj + Kn, (4.9) 

where 

e-^s = + ^ e"^-' = /C , e-^" = ijnAn. (4.10) 

In fact both Kj and Kq define special Kahler manifolds in that they can be derived from 
holomorphic prepotentials. Further details can be found in appendix O 

For the matter scalars A\A"- one computes the mo dull- dependent metrics Zij and 
Zgj,. From the Kaluza-Klein reduction one finds straightforwardly by inserting (13.61) into 
the last term in (14.11) 

% = Ae-^^J , Z,i = Ae-^gab ■ (4.11) 
However a holomorphic superpotential requires a further rescaling [H] 

A' l\\n\\-'3A' = ie-4ei(^"-^^U' , A" m^A" = ie^ei^^-^-^^^A'^ , (4.12) 
which results in the metric, derived in [46j via conformal field theory, 

Z,, = ei(^"-^^)^?., , Z,-, = eh'^-'-'^-^g^b ■ (4.13) 

Shortly we will see that it is precisely this normalization of matter fields which leads to 
appropriate expressions for the Yukawa couplings. Note that (I4.13P only gives the moduli 
dependent part of the metric which does not include the dependence on A^ and A°- itself. 
In particular we are not computing terms of the form hia{t,t, z, z)A'^A°- in the Kahler 
potential. These terms have been determined in ^T\ . 

4.2 The kinetic terms in the D = A fermionic action 

Let us now turn to the computation of the kinetic terms of the fermions. Due to the 
supersymmetry this will not add any new information but will merely be a consistency 
check on the method and the couplings computed in the previous section. However, 
since we intend to compute the superpotential and D-terms via fermionic couplings it 
is mandatory to properly fix the normalization of the fermionic terms. Surprisingly, to 
our knowledge this has not appeared in the literature so far, not even for Calabi-Yau 
compactifications. 

Since in this first step we are going to compute the kinetic terms we only need to 
focus on those terms in (14. 2 p which contain a space-time derivative D^. The F-matrices 
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are decomposed as in flA.7p . (Our spinor conventions are summarized in appendix Rl) 
As a consequence of flA.16p . terms like ^7^7" . . . ■j^r]± vanish unless they have an equal 
number of holomorphic and antiholomorphic 7-matrices. These terms in turn can be 
simplified by using (1A.15I) . 

vWl''^l^V+ = - 2g^°g^~^ . (4.14) 

The kinetic terms of ^Z'^, A and x follow straightforwardly by inserting fl3.8p . fl3.9p and 
fl3.10p into fl4.2p . The only complication arises from terms involving In their reduc- 
tion one encounters the integrals 



Ai 



(4.15) 



Pa A pb 



-AlCg 



ah 1 



Y 



where we abbreviated JCij = Ui A uj A J and used (14. 8 p in the Einstein frame, (14. 6 p 
and (I4.14p . (Quantities with a tilde depend on the moduli v defined in (13. 4p and (13. 5p or 
in other words they depend on the deformations of the metric in the string frame.) With 
these formulas at hand one arrives at 



(4.16) 



- IQiiCg-abC^y'^D^C - 2iiC\a^D^\ - 2i}Cx(y^D^x 

- miC-gi.r^^D^x' - l6ilCg-abrcr^D,x' 

where fCi = jy oJi A J A J . 

The next step is to perform the Weyl rescaling of the metric as in ( 14. 5p . Since the 
are defined with a vierbein they also rescale. In addition, all fermionic fields Weyl 
rescale as follows |52] 

(4.17) 

x" 



~ 1 



tlx" ■ 



Inspecting the Lagrangian in (I4.16P we also see that the kinetic terms are not yet diagonal. 
They can be diagonalized by shifting the gravitino as follows 



^ V'a. + 



2t 



(4.18) 



Inserting (I4.17P and (I4.18P into (14.160 we arrive at 



— ^ + 2gii 



+ lQCcr^D,,C'lCg-at + 2/CAa^D^A + 2xct''D^x 
+ IQ-g.^r^T'^D^x' + IQgabrc^'^D^x'^ 



(4.19) 



11 



To bring the kinetic terms of all fermions to the standard form (IB.6P as dictated by 
= 1 supergravity the fermionic fields need to be further rescaled as follows, 



(4.20) 

Notice that using JCiV^ = QIC the combination /Cj^* transforms in the much simpler way 



K.C ^le~^IC£ . (4.21) 
It is straightforward to check that after substitution of fl4.20p into fl4.19p we arrive at 

•'^ (4.22) 

+ gss'^^'D^X + Refxa^D^x + Z,,t^^^D^x' + Z-^^r^^^D^x'] , 

in accord with the standard form of = 1 supergravity]^ 
4.3 Yukawa Couplings 

After having determined the kinetic terms let us now turn to the Yukawa couplings. They 
arise from the kinetic terms of the ten-dimensional gaugino given as the last term in 
(14. 2p . More specifically they arise from terms inside the covariant derivative which have 
the structure 

^Yukawa = / f^BcX^^^'^W- (4-23) 



J 10 

Restricting to the matter fields and inserting the expansions (13.60 and (13. 9p one arrives 
at 

•S'vukawa ~ 



X" ■ X' ■ A'^, I ^r{Pa),MJ\Pc)8''' + 



6 



(4.24) 

+ X* ■ X^ ■ A^ I A cufc + h.c. 



Y 



where we used f lC.16p . The dots indicate that the four- dimensional fields are contracted 



with an invariant tensor of the group G which arise from the decomposition as discussed 
in section [3] of the ten-dimensional Eg structure constants f^BC- 

The first term in (14.240 can be rewritten as 



2\M 



(4.25) 



Y 



dz"'dz^dz^ 



"'^"'^Note that in the derivation of (|4.22[) we have ignored aU terms where space-time derivatives act 
on bosonic terms. They should combine into appropriate covariant derivatives as given in [52] which, 
however, we did not exphcitly check. 
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where is defined as follows 

,1 ' 



2\m 



,9.^P\pa)p,^dz^. (4.26) 



The second equation in ( ]4.25p uses ( 1C.14P and has been proved in [53l |47] for Calabi-Yau 
manifolds. We expect it to hold also for manifolds with SU (3) structure. 

Finally by using 04.121) . fl4.20p and (IC.IOI) one arrives at 



'-'Yukawa ' ^ 



Using (IB. 71) this corresponds to a contribution in the superpotential which is of the form 

W = - ^ ^ A^A^A" + - ^ , A'A^A'' . (4.28) 

The requirement that this term is holomorphic fixes the rescalings (14.121) . In [H] El] it 
was shown that this term can also be expressed as an appropriate integral on the internal 
manifold. 



4.4 Gravitino mass term and F-terms 

So far we computed the kinetic terms and the Yukawa couplings in the four-dimensional 
effective theory by a Kaluza-Klein reduction. Now we continue in this spirit and derive 
the gravitino mass term and the F-terms related to non-trivial fluxes and/or torsion. 
In principle there are two ways to do this computation. One can reduce the bosonic 
part of the ten-dimensional action (14. ip - (14. 3 p and derive the scalar potential V . From 
the supergravity relation flB.4p one can then infer the superpotential and the D-terms. 
However, this procedure is problematic since W and its derivatives enter quadratically 
in V and thus cannot be computed reliably within the approximation used. However in 
the fermionic couplings both W and its derivatives appear linearly and therefore can be 
obtained more easily [39l HSj. 

The = 1 supergravity Lagrangian given in flB.7p tells us that W can be computed 



from the gravitino mass term while the derivatives of W (the F-terms) can be computed 
from the couplings of the gravitino to the chiral fermions. In the following we are going 
to determine these couplings via Kaluza-Klein reduction. 

The contributions to the gravitino mass term and to the F-terms arise from two 
different sources. On the one hand they come from the reduction of Si given in (14.21) 
when no space-time derivative is present and the internal derivative acts on 
the spinor rj in the expansion of the fermions (13.80 - (I3.10p . In this case, they will be 
proportional to certain torsion components of the SU(3) manifold. The second possibility 
is that such terms arise from the reduction of Si^t given in (14.30 when the three-form field 
strength takes a non-trivial background value (background flux) on the manifold Y . 
Let us discuss both cases starting with the contribution arising from i^a-flux. 
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Contribution from iJ^-flux 



In this case the gravitino mass term descends from the first term in the second line of 
fl4.3p where both gravitini carry indices /i, = 0, . . . , 3. Inserting (I3.1UI) and using (12.31) 
one finds 

JlO 

= hl ^,<y^'<y''^^ue--^ I H^^,V^.r~^'v+ + h-c. (4.29) 

= -| jiJ^a^^a^'^.e-^ j rir, A H + h.c. , 

where we only display the contribution to the gravitino mass. Performing the Weyl 
rescaling using (14. Sp . (14.171) and (I4.2UI) . and using (IC.lSp we obtain 



Sint,H = -\ ji^^a'^'i'.e^ J^nAH + h.c. , (4.30) 

where Comparing with (IB. 70 we see that the contribution to the super- 

potential arising from the background H^-fiux is given by 

Wh = \ [ nAH , (4.31) 



Y 



a result computed previously in references [55l EHl [57] . Note that this derivation provides 
an independent check on the Kahler potentials (14. 9p . (I4.10p which we explicitly used in 

(I129D. 

Let us now proceed to the computation of the derivatives of W or in other words the 
F-terms. They arise from the same ten-dimensional term Sint,H in (14.290 but this time 
choosing one of the ten-dimensional gravitini to carry an internal index. There is also 
an additional contribution coming from the insertion of the gravitino shifting (I4.18P in 
( I4.30p . Inserting the decomposition (13.100 one finds 



J, 2/C J, ^^ 32^ 

+ i ^CV^^^e-t^ ^(p„)^^,i/5,^-(0,)^^^(fi,)^^"^" + h.c. , 

where this time only the contributions relevant to the F-terms are shown. In computing 
this expression the following property, derived in [51], was used 

2A^ 

which is therefore independent of the internal coordinates. Using ( 12.30 . ( 10.150 . ( 1C.170 
and the Weyl rescaling according to ( 14. 5p . (14.170 and (I4.20p one obtains 
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It is straightforward to check from fIB.Sp . fl4.10p . (14 .Op and flC.12p that in the absence of 
torsion (or in other words for dwi = 0) the Kahler derivatives of Wh as obtained in (14.310 
are given by 

D^Wh =^-^^h , DaWH = lJ^PaAH . (4.35) 
We therefore conclude 

Sint,H = j^e'^[CcT''^,D,WH + Ca''^,DaWH]+h.c. , (4.36) 

which, after comparing with flB.7p . shows the consistency with = 1 supergravity. 

Finally, there also is a gravitino-dilatino coupling which is obtained from the appro- 
priate term in (14. 3 P 



JlO 

= ^ Aa'^V'/.e"^ j A H + h.c. 



(4.37) 



where we inserted (13.80 and (I3.10p . Following a similar procedure as for the other F-terms 
and performing the Weyl rescaling one gets 



^int.^A = -73 / X(T^iJ^.e^DsWH , (4.38) 



where we used 

DsWh = -e^'^'-'^Wn , (4.39) 

as can be derived from (IB.Sp . (14. 7p . (14. 8 p and (I4.10p . This result is again in agreement 
with supergravity if we compare with (1B.7p . 



Contribution from torsion 

In addition to H^-fiux also the torsion of the manifold Y appears in W. These contri- 
butions arise from (14.20 precisely when an internal derivative acts on the internal spinor 
T]. Before we do the reduction let us briefly recall the structure of these derivatives as 
determined in |58]. One decomposes Dm^± into a basis {rj,'-/'^-)], '-/""!]) and defines the 
tensors g^, q'm and g^n via 

Dmr]+ = qmV+ + Wml''v+ + igmnl^'V- , 

(4.40) 

All q are real with and q'^ transforming in the 3 © 3 of SU(3) while g^n contains the 
representations 36 = 1©1©3©3©6©6©8©8. Going to holomorphic indices and 
using (12.30 and (12. 5p one can express qmn via the torsion classes [58j as follows. 
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Equipped with (14.401) and (14.411) we can now compute the contribution to W due to 
the torsion. Let us start again with the contribution to the gravitino mass term. It arises 
from the first term in (14. 2 p with the derivative in an internal direction. Inserting the 
decomposition (13.101) we find 



(4.42) 



where we only kept terms quadratic in the gravitino. Using (14.401) . (14.411) and (12. 5p in 
the Einstein frame one finds 

[ V-7''D^r]+ = ^ f wi = i [ n^AdJ . (4.43) 
Je Jy Jy 

Performing the Weyl rescaling according to (14. 5 p , (I4.17P and (I4.20p and using (IC.ISP and 

fl33D yields 

5f,^ = - ^^^a'^^^.ef W^T + h.c. , (4.44) 

with 

Wt = \ I QAdJ . (4.45) 



Y 



Together with the contribution from i^s-flux computed in (I4.3ip this yields a superpo- 
tential 

W = Wh + Wt = J j nA{H + idJ) . (4.46) 

Let us stress that in this derivation we did not restrict our analysis to the case of half- flat 
manifolds. 

As before let us now focus on the gravitino-fermion couplings in order to determine 
the F-term contribution of the torsion. For the fermions in the chiral multiplets they 
arise from Sf^^ after insertion of (13.101) if we keep the following terms in the expansion 



JlO 



'10 

= 2i / C<y'^, I {uj.)^^v^.i^r'k,s7'v- (4.47) 

+ 2i [ Caf^ijjnW-' /(p,)^,,(n,),^V7"VigaC7V+h.c. . 

In the term containing D^'ipn we performed an integration by parts, so that we actually 
compute twice the first term in the first line. This is convenient because then we have to 
consider the action of the internal derivative Dm exclusively on ip^^, which implies that 
only the derivative of the internal spinors DmTi± will be needed and not more complex 
expressions involving the derivatives of the internal forms. Substituting ( I4.4ip in (I4.47P 
and using results analogous to (14.141) and (I4.15P one obtains 

5f,^ = -if ea^7/;J-5i / (u;.),^^7"^Wi + / {uJi)^-p{W2)s^g''^ f^' 

(4.48) 

-i / Ca>'^JQ\\-H I p,AW3 + h.c. . 



Y 
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Using fl4.33p we can write 



-1 / [oo. 



12I 



/C,; 



12/C 
QAdJ. 



WiJAJAJ 



(4.49) 



Y 



In the last step, Wi J A J A J = dQ A J was used, which is a consequence of fl2.5p in the 
string frame together with >V2 A J A J = 0. Analogously we compute 



d^lri A UJi 



WiJ AJ AoJi 



Y 



(4.50) 



Y 



fi„ A dijji — I rir, A dJ . 

6JC 



Y 



In going from the first to the second line, W2 A J Auji = dVt A uJi — Wi J A cjj + . . . was 
used, which also follows from (12.51) in the string frame. In the last step, Wi J A J A uJi 
was substituted by twice the expression (I4.49p . Finally, it can also be seen from (12.50 
that 

PaAW3= / PaAdJ. (4.51) 



Y 



Y 



Inserting (14. 49 p . (14.500 and (I4.5ip into (I4.48P and performing the Weyl rescaling we obtain 

i/Ci 



5, 



4^2 



24/C 



VLAidJ+ / VLAuo, 



Y 



(4.52) 



^ / CV'^V^^e^ I Pa A idJ + h.c. . 



Y 



We also have a contribution arising from inserting the gravitino shift (14.180 into (14. 42 p . 
Adding this contribution to (14.520 leads to 



4^2 



3/C 



VtAidJ+ / VlAuj, 



Y 



(4.53) 



^ / CV^V^^e^ I Pa A idJ + h.c. . 



Combining this result with the H^-fl\xx contribution as obtained in (I4.34p and (14.380 
yields 



S 



_F— terms 



4^2 



4/C 



nA{H+ |irf J) + ^A UJi 



Y 



4V2 



-i72 I C^'i^.e^ I Pa A {H + id J) 



(4.54) 



Xa^'i)^ (-e'^'" ) j nAH + h.c. . 
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However, this is not yet in the standard supergravity form since the gravitino-dilatino 
couphng received no contribution from the torsion. This can be remedied by the following 
redefinitions 

e - e - ^ + i e'^'-' A , A - -iA - i e-^^^' ^ . (4.55) 

One can show that these transformations leave the kinetic terms (14.221) and the sum of 
fl4.34p and (14.381) (i.e. the i^s-flux-dependent part of the F-terms) unchanged. Inserting 
f H755|) into fliTSij) we obtain 

^F-terms = -^^J [C^r^'i^.e'^ D,W + Ca^^^j^c^ D^W + Xa^iP.e'^DsW] + h.c. , 

J 4 

(4.56) 



where 



D,W 



1 



4 



^ / nA{H + idJ)+ [ riAdiUi 

4/C Jy Jy 



DaW = lJ^PaA{H + idJ), (4-57) 
DsW = -e^'^^V , 

with W given in (14.461) . This establishes the consistency with = 1 supergravity. 

So far we computed the gravitino mass terms and the mixing of the gravitino with 
the moduli fermions. In principle we could also compute the mass terms of the matter 
fermions and their mixing with the gravitino. Such terms correspond to quadratic terms 
in W which are of the form rriaiiz, t)A^A°', where contraction of gauge indices is implicit. 
As already shown in [HJ rUai is non-zero for no n- vanishing flux and/or torsion. In our 
formalism such terms do indeed appear from reducing the last term in both (14.21) and 
(14. Sp . However, in order to extract the precise contribution to the superpotential it is 
necessary to disentangle two different pieces. More precisely, the reduction leads to terms 
in the effective action proportional to 



XX 



(4.58) 

A'=A°=0 



TUai is determined by the first term in this expression but for its extraction we would 
also need to know the quadratic contribution to the Kahler potential which governs the 
second term. This computation is beyond the scope of this paper and we refer the reader 
to ref. im instead. 



4.5 D-terms 

Finally we compute the D-terms in the effective action. As can be seen from (IB. 70 in 
the fermionic action they appear in the coupling of the gravitino to the gaugino. This 
contribution to the action is coming from the reduction of the similar coupling of the 
ten-dimensional gravitino m to the ten-dimensional gaugino x (14. 3p . Performing the 
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reduction of the relevant term is straightforward and leads to 

Jio 

= -i [ V-^a Ve-^ / F^^g-l^ + h.c. + . . . (4.59) 

y A * J + h.c. + . . . , 
where the terms hidden in ... do not contribute to the D-term. In the last step we used 

j^F^^g"^ = ^ J F^AJAJ = i j F^A*J . (4.60) 
After performing the Weyl rescaling ( 14. Sp . ( 14.17P and the redefinitions (14.20p we obtain 

5int = ^ jiJ.a^x^K-^ j F^A*J . (4.61) 
Comparing with (1B.7P and recalling 04.71) we conclude that 

_ _e20W/c-^ [ F^A*J . (4.62) 



In checking this expression we argue that [H] 

F^^Ta = [A^,A^] , (4.63) 

where in the r.h.s. only contributions along the algebra of the unbroken gauge group G 
are taken into account. Ta are the generators of G and from (13. 6p and (14.120 it follows 

= lM-'^A'^{u,)/Tpp + l\\nf^^A'^^{p,),,-sQ^^~%Q ■ (4.64) 

If we take the case of the standard embedding (13. ip then T„p and T^q will be the 
generators of the last two factors in the decomposition (13. 2p respectively, while the 
will span the second factor, the adjoint of Eq. It can be seen from the algebra of Eg that 
in this case 

[T^P,f-pQ] = ~g^^4QTA + ... , (4.65) 

where the dots refer to generators outside the algebra of Eq and the tA,p'^ denote the 
generators of Eq in the 27 representation. 

Now we compute 
y F^Ta A*J = e^ F^Ta A*J = e^ J^'^F^-^Ta 

= -\\nr"^e^ fuj.A ^u.A^^'A^X^Ta - Mh'^'-^f^^^^A'^''A'X^TA ^^'^^^ 

= -\\n\\-h^}Cg,,A'''A^XRTA - mh-^ICg,j,A''''A'XRTA • 
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Using (K62^ and fICTD yields 



(4.67) 



for a matter field Kahler potential given by 

i^gauge = %A^pA^'^ + Z^iA^'^A'q . (4.68) 

This, once more, is consistent with = 1 supergravity |52j . 

5 Super symmetry transformations 

For completeness let us also compute the fermionic supersymmetry transformation in 
four space-time dimensions from a Kaluza-Klein reduction of the ten-dimensional trans- 
formations. This in fact yields an independent computation of W and K. 

The form of these transformations for a generic = 1 theory in four- dimensions is 
given in [52j and repeated in our conventions in eq. (IB. 80 . From these equations we see 
that the gravitino supersymmetry transformation gives directly the superpotential, in 
analogy to the gravitino mass term in the action, while the transformation of the chiral 
fermions gives the derivatives of the superpotential with respect to the corresponding 
scalar superpartners or moduli in analogy to the F-terms as well as the D-terms. Let us 
start with gravitino. 

The supersymmetry transformation of the ten-dimensional gravitino is given by [51] 
5^M = Due + ^e-iif;vPQ[rM^^^ - 95j;f,r^«]e , (5.1) 

which implies 

5i>, = D^e + ^e-^if^„pr^r'""Pe . (5.2) 

However, the correct four- dimensional gravitino is only obtained after the shift given in 
f l4.18p which can be interpreted at the level of the ten-dimensional gravitino as follows 
[33] 

5^; = s^^ + ir^r"^<5^^ . (5.3) 

Also from (15. ip we compute 

r-^^ = F'^D^e + gLe-li/„p^(F"^F^"f^ - 9F"FP«)e 

, „ (5-4) 

where F""F^"P'' = 3F"f'? was used. After substitution of and ([52]) into ([E3]) we 
obtain 

5% = D,e + h.V^D^e - le-i^„„pF^F™"^'e . (5.5) 
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Inserting fl3.10p and acting with the projector IC ^ Jg 1 ® ^7! yields (omitting the prime) 

=D^e- le-U^elC-^\\n\\-^ jnA{H + idJ) , 

where in the second step (14.431) was used. After performing the Weyl rescahng we obtain 
indeed 

S^^ = D^e + ia^ee^iy , (5.6) 
with W given in (14.461) . This shows the agreement with flB.8|) . 

Let us now turn to the supersymmetry transformations of the chiral fermions In 
order to do so we first compute 

(7'®r/_r/l)r'"5^^ . (5.7) 
Inserting (IS.lOp and using (15. 4p we obtain 

(5.8) 

® (c^.)a/3rt- = |e ® >Vir7_ + ^e-te i/7^„p(fi^)'""V • 
Using the same projector as above we obtain 

JCidC = i ee-2 ll^ir^ J nA{^H + idJ) , (5.9) 

which after the Weyl rescaling reads 

}C^6C = ^ee^lC jnA{3H + 2idJ) . (5.10) 

However, this is not yet in the desired form dictated by (IB.SP since the mixing with the 
dilatino has not been taken into account yet. 

For the ten-dimensional dilatino, the supersymmetry transformation is given by ^Slj 

5\ = §e-lHMNpT''''''e , (5.11) 
which after applying the decomposition (13. 8p and the projection leads to 

dX = -^ee-^\n\\-^ JjlAH . (5.12) 

After applying the Weyl rescaling this reads 

SX = -^ee^e-'^'"' J nAH . (5.13) 

As in the computation of the F-terms there is no torsion contribution in this transfor- 
mation as the mixing with has not been taken into account. 
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Going to new field variables as dictated by the field redefinition (14.551) we obtain 
1C,5C =^ ee^i/C j n A {3H + idJ) , 

From fl4.57p we compute 

g'^lCiD^W = 3i)C j QA{H + id J) + 2}C j QAdJ 



i/C J QA {3H + idJ) 



5X =-^ee^g''^DsW 



(5.14) 



(5.15) 



and also 

g^^DsW = -e-2<^''V . (5.16) 
Therefore we obtain for the supersymmetry transformations 



(5.17) 



in agreement with flB.81) . 

For the supersymmetry transformations of the we evaluate 

(7' ® V-V^-) (p6)^75^^^'r^'^^/3 • (5.18) 
Using the decomposition (13.101) . (14.81) and (]C.15P this expression turns into 



5C ® r^-^(p.).,.(n,)^^^(p„)^,^-(^],),Sl7^\- = 8iSC ® V- 

= 8ICg,a5C^V- ■ 

On the other hand, using ( 15. ip in ( 15.18^ we obtain 

= (g) r]_e'2 / p^^ A {H + idJ) , 



(5.19) 



(5.20) 

where we used (14.411) . (12.51) and 

K^,,ril^^ir'v+ = -QiH^'H^v)p< ^ H^,,V^_^^^''V+ = iH^,^{nX'^ . (5.21) 
Equating fl5J9|) with fl5:20|) yields 

5(« = ^ee-^^-i^ir^/^ [ pbA{H + idJ) , (5.22) 
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which after the Weyl rescahng can be written as 



5C = ^-ee^g^'D,W , (5.23) 



with W given again by 04.461) . 

Finally, we compute the transformation of the gauginos. The ten-dimensional varia- 
tion is given by 

^X^ = -leiP^^T^'^e . (5.24) 

The variation of the four-dimensional gaugino x is obtained when the index A takes values 
in the adjoint of the gauge group in four dimensions G x Eg. Inserting the decomposition 
of the ten-dimensional gaugino given in (13.81) leads to 

6x^ = \e--^F^^a>^^e + e'^^-^ f F^-^g^'^ . (5.25) 

Substituting (I4.60p and performing the Weyl rescaling fl4.17p and the redefinitions (14.201) 
we obtain 

Sx"" = F^X^e + ie^^'^e/C-^ j F^A*J . (5.26) 
Comparing with (14.621) we can see the agreement with the supergravity expression (IB.Sp . 



Supersymmetry conditions for the vacuum 

With the supersymmetry transformations for the fermions at hand we can discuss the 
conditions which lead to a supersymmetric background in a flux compactification. In the 
case of the heterotic string Strominger has shown ^JJ that for a supersymmetric vacuum 
the background must allow for a non-vanishing torsion. Moreover, the internal manifold 
has to be complex and the fundamental two-form J, the Yang-Mills field strength F and 
the three-form flux H3 have to satisfy the following condition^ 

J"^F„^ = 0, H, = i{d-d)J. (5.27) 

Strominger's analysis was made on backgrounds of the form (12.11) which allow for a warp 
factor A. Demanding the vanishing of the gravitino supersymmetry transformation he 
shows that A is equal to the dilaton. However in our analysis we do not consider any 
warping, and hence our assumption of a constant dilaton is consistent with Strominger's 
result in the limit of constant A. 

On a supersymmetric vacuum the supersymmetry transformations of the fermionic 
fields vanish, and in particular this must be true for the chiral fermions, 

6e = SC = 5A = = . (5.28) 

Take for example the transformation of the gaugino, eq. (15.261) . Setting it to zero and 
considering (I4.60p lead to the vanishing of the contraction F^J"^. Hence Strominger's 
condition on the Yang-Mills field strength is obtained. 

^^In [Uy the condition for the H3 flux includes a factor of i, but our normalization for the H3 field 
strength is twice the one he uses. 
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The vanishing of the supersymmetry transformation of the dilatino and the ^* chiral 
fermions as given in fl5.17p requires DsW = DiW = 0. Considering the expressions for 
these derivatives given in fl4.57p we see that these conditions are indeed equivalent to 

j nA{H + idJ) = , 

jnAduJi = JWiJ'^AuJi + jyV2AJAuJi 

From the second of these conditions we conclude that on a supersymmetric background 
the torsion classes Wi and W2 vanish, which is equivalent to saying that the compactifi- 
cation manifold Y is actually complex. 

On the other hand, the first condition in fl5.29p tells us that H3 + id J on a supersym- 
metric background can only be a sum of (3, 0), (2, 1) and (1, 2) pieces. The (3, 0) + (0, 3) 
part of dJ is proportional to Wi as can be checked from (12.50 and therefore vanishes. 
Now reality of H3 requires that the combination H^ + idJ must be actually of (2, 1) + (1, 2) 
type. 

Now set to zero the transformation of the chiral fermions eq. (I5.23p . In view of 
( I4.57P it means that 

JpaA{H + idJ) = , (5.30) 

which in turn implies the vanishing of the (1, 2) part of + idJ . Since the two-form J 
is a (1, l)-form and the NS-flux is = -f^(2,i) + -f^(i,2) one can write the last result for a 
complex manifold as -^(1,2) = —id J, which considering also its conjugate leads to 

H^ = i{d-d)J (5.31) 

on a supersymmetric vacuum. So we obtain also the condition on the three-form flux and 
with it all the supersymmetry conditions for the heterotic string obtained by Strominger 



(5.29) 

= . 



6 Conclusions 

In this paper we have revisited the compactification of the heterotic string on manifolds Y 
with SU(3) structure in presence of background fluxes. We performed the Kaluza-Klein 
reduction and computed the Kahler potential K, the superpotential W and the D-term 
of the resulting = 1 low-energy supergravity. We applied methods used previously in 
type II compactifications in order to identify the light modes |29| 133]. In particular we 
projected out all triplets of the S'f/(3) structure group and expanded in a finite set of 
differential forms on Y . In contrast to the Calabi-Yau case these forms are not necessarily 
harmonic. 

The novel aspect of our paper is that we performed the Kaluza-Klein reduction in 
the fermionic sector and determined W and T) entirely from fermionic couplings. This 
has the advantage that W and V appear linearly and can be read off more easily. As far 
as we know this procedure has not been carried even for Calabi-Yau compactifications 
previously. In this respect our paper closes a gap in the existing literature. 
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Apart from the standard Yukawa couplings for the matter fields we determined the 
contributions from NS fiux and the torsion to superpotential and the D-term. The precise 
structure of the gauge bundle was left somewhat unspecified in the analysis, as it was not 
relevant for most of the derivations. However when appropriate we discussed explicitly 
the case of the standard embedding leading to an unbroken Eq in four dimensions. 

Finally we also determined the supersymmetry transformations for the fermionic 
fields, which is another way to determine W and T>. It also shows the consistency with 
the expressions for the Kahler potential and the superpotential previously derived. 
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Appendix 



A Spinors in four and six dimensions 

In this appendix we collect the spinor conventions used throughout this paper. 
In D = 10 the F-matrices satisfy the Clifford algebra 

{r*^ r^} = 2/^^, M,iV = 0,...,9 . (A.l) 

One defines [61] 

ri^ = r°...r\ (a.2) 

which has the properties 

(r")2 = i, {r",r*^} = o. (a.3) 

This implies that the Dirac representation can be split into two Weyl representations, 

32Dirac = 16 + 16' , (A.4) 
with eigenvalues +1 and —1 under T^^, respectively. 

In backgrounds of the form (12.11) the ten-dimensional Lorentz group decomposes as 

S0(1, 9) -> S0(1, 3) X S0(6) , (A.5) 
implying a decomposition of the spinor representations as 

16 = (2, 4) + (2, 4) . (A.6) 
Here 2 and 4 are the spinor representations of S0(l,3) and S0(6), respectively. 

In the background (12.11) the ten-dimensional F-matrices can be chosen block-diagonal 

as 

r*^ = (^A«®l,^5^^-) , /i = 0,...,3, m = l,...,6, (A.7) 
where 7^ defines the Weyl representations in D = 4. In this basis, F^^ splits as [61] 

^ll = -75®7^ (A.8) 
where 7^ defines the Weyl representations in six dimensions. 

Let us now focus on our spinor conventions in four- and six- dimensions. 

A.l Clifford algebra in four-dimensions 

In D = 4 we adopt the conventions of [52] and choose 





' 






M \ 


■( 




r 


7^H 


K -1 



(A.9) 



where the cr^ are the 2x2 Pauli matrices 



1 \ 1 _ f 1 



^° = ' 1 j ' V 1 



2 / -i \ 3/10 
^ = ^ ' " = -1 



(A.IO) 



and (7° = (7°, = -a^'^.s. 
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A. 2 Clifford algebra in six-dimensions 

In six-dimensions the 7-matrices are chosen hermitian, 7™^ = 7™, and they obey the 
Chfford algebra 

{7™, 7"} = 2^?'"", m,n = l,...,6. (A.ll) 
The Majorana condition on a spinor rj reads 

r]^ = ri'^C, (A. 12) 

where C is the charge conjugation matrix satisfying 

= C, 7^ = -C^mC-' . (A.13) 

One can regroup these six 7-matrices into two sets of anticommuting raising and lowering 
operators [^I] 

7" = ^(7"^ + i7'"+3) , = ^(^™ _ for m = 1, 2, 3 , (A. 14) 

V 2 v2 

satisfying 

{7", 7^} = 2^7"^ , {7", 7^} = = {7^7^} . (A. 15) 

In this basis, the two chiral spinors ri± are annihilated by 7°" and 7°", respectively, that is 

7V = 0, 7V = 0. (A. 16) 



B = 1 supergravity in D = A 

In this appendix we recall the couplings of = 1 supergravity which we need for com- 
parison in the main text. We use the notation and conventions of ref. [52] • Let us 
denote the components of the vector multiplets by {A^, x) while we collectively denote 
the components of the chiral multiplets by ($^, S^), i = 1, . . . ,nc. In order to facilitate 
the comparison with the results in the main text we split the action as follows 

S = S^ + Si + S,^t + ... , (B.l) 

where we neglect terms which are irrelevant for our analysis. denotes the bosonic 
action and is given bjlll 

S^ = -JjlR+ iRe/($)TrF^,F'^'^ - ilm/($)TrFF + gjjd^^'d^^' + vj , (B.2) 

where /($) is the holomorphic gauge kinetic function and gjj is the Kahler metric 

9rj = T^(*, ^) , (B.3) 

which is determined by the Kahler potential $). Finally, the scalar potential 

V{^, $) is given as a function of the superpotential Vr($) 

V{^, $) = e^{DiWg^^DjW - 3\W\'^) + ^{Refy^V"^ , (B.4) 



13 



The shorthand stands for / dx^y/—g4. 
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where 



^ dW dK 

DiW = T^ + -^W 



5$/ 5$/ 

is the Kahler derivative of the superpotential and T> is the D-term. 

The second term in (]B.1|) comprises the kinetic terms for the fermions 



(B.5) 



(B.6) 



where ■j/'^ is the gravitino. Finally, we also need the gravitino mass term, the gravitino- 
fermion couplings and the Yukawa couplings. They are given by 



int 



+ lE'E'^DiDjW + h.c. 



(B.7) 



where a^"" = iffl^a'^l 

Finally, the supersymmetric transformations of the gravitino and the fermions in the 
chiral multiplets, excluding higher order terms in fermionic fields, are given by 



SE' = ^ee-g''DjW 



(B.8) 



C The geometry of the scalar manifold in SU(3) com- 
pactifications 

In this appendix we collect the results of the geometry of the scalar manifold arising in 
compactifications on manifolds with SU(3) structure. For the special case of Calabi-Yau 
manifolds this geometry coincides with the geometrical moduli space of the deformations 
of the Calabi-Yau metric [l5l HT] . For more general manifolds one can still define metric 
deformations and a metric on the space of metric deformations. The resulting geometry 
has been discussed in references [23 El] and shown to be a product manifold of the 
form 

M=MjxMn, (C.l) 

where Aij corresponds to the deformations of J while Ain corresponds to the deforma- 
tions of the three-form Q. N = 1 supersymmetry constrains this product to be a Kahler 
manifold. However, for compactifications on manifolds with SU(3) structure each factor 
is a special Kahler geometry in that the Kahler potential is a sum of two terms 

K = Kj + Kn, (C.2) 

and both Kahler potentials can be derived from a holomorphic prepotential. Let us 
discuss this in more detail. 
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C.l The A4j component 



The coordinates of Aij are the scalars t* = 6* + if* which arise from expanding B2 + iJ 
in a set of two- forms cUj as done in (I3.3p and (13.41) . The metric on this space is defined as 



9ij = ^ l^uJiA^Uj, 



1.3 = I..... h^^ 



where /C is the volume of Y , 



IC = - / JAJAJ 
6 Jy 



(C.3) 



(C.4) 



*ujj denotes a set of four- forms which are dual to the set of two- forms tUj. It satisfies 



Inserted into f C.3 ) leads to 



T T T 

*CAJi = - J AuJi + — J A J . 

4a^ 



(C.5) 



(C.6) 



where we abbreviate 



/C,; 



uJi A J A J , JCij = / uJi A ujj A J , ICijk = / uJi A ujj A uJk ■ (C.7) 



Qij is a Kahler metric of the Kahler potential K = — In/C, i.e. 



gij = dpdtjK , K = -ln| j J A J A J . 



(C. 



In fact, Qij is even a special Kahler metric in that K can be derived from a holomorphic 
prepotential via 



= -In 



T' = d T 



? = 



for 



(C.9) 
(C.IO) 



C.2 The 7V(f7 component 

A^n is spanned by the complex scalars z'^ with a metric [l?! [291 l3i] 



/y Pa A Pfe 



(C.ll) 



where pa and are (2, l)-forms and the (3, 0)-form, respectively, satisfying the relations 

m 

on dKn, 



dz"" dz"- 
29 



■Vt + Pa . 



(C.12) 



This metric is special Kahler with a Kahler potential given by 

Kn = -ln(^i jflAfiy (C.13) 

Furthermore, Q can be expanded in terms of a real symplectic basis {a^, (3^) of three- 
forms, 

n = Z^{z)aA - <5b{z)(3'' , A, 5 = 0, ... , , (C.14) 
where Qa = OzaQ. The z"" used in (13. 4p are the special coordinates defined as z'^ = Z°- jZ'^ . 
The holomorphic three-form f2 is related to fi^ defined in (12. 3p by a scale factor 

^] = ^]^||^]|| , ||^]|| = e^^-^-^^" , (c.is) 

where Kj = —InJC depends on the volume JC in the Einstein frame. In terms of the 
components of fl one thus has 

The holomorphic three-form Q and the (2, l)-form satisfy 

*n=-iO, *p^=ip„. (C.17) 
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